Abstract. We compute the spectra and the essential spectra of bounded linear fractional composition operators acting on the Hardy and weighted Bergman spaces of the upper halfplane. We are also able to extend the results to weighted Dirichlet spaces of the upper halfplane.
Introduction
The Hardy space H 2 (Π + ) and the weighted Bergman spaces A 2 α (Π + ) of the upper half-plane Π + are reasonably well understood Hilbert spaces of analytic functions (the spaces are defined in Section 2). Composition operators C τ : f → f • τ , where τ : Π + −→ Π + is analytic, acting on these spaces are, however, much less studied when compared to their counterparts in the unit disc setting. Matache [12] found a condition for boundedness of C τ on H 2 (Π + ) in terms of Carleson measures and showed later in [13] that there are no compact composition operators on H 2 (Π + ). In [22] Shapiro and Smith extended the non-compactness result to A 2 α (Π + ). Boundedness of a composition operator C τ on the Hardy or the weighted Bergman spaces of the half-plane has been proved to be equivalent with the angular derivative of the inducing map at infinity, denoted by τ ′ (∞), being finite and positive (see [14, 6] ). In addition, Elliott et al. [6, 5] have shown that whenever C τ is bounded, the operator norm, the essential operator norm and the spectral radius are all equal and determined by the quantity τ ′ (∞). The above properties show that the spaces H 2 (Π + ) and A 2 α (Π + ) differ significantly from their unit disc analogues H 2 (D) and A 2 α (D) regarding the composition operators acting on them. We refer e.g. to [21, 2] for expositions of the rich theory of composition operators on spaces defined on the unit disc.
It is natural to ask what the spectral properties of composition operators acting on the halfplane are. In fact, in the unit disc setting the spectral picture of composition operators has been completely determined when the inducing maps are linear fractional transformations and the operators act on weighted Dirichlet spaces, including H 2 (D) and A 2 α (D) for all α > −1 (see, for instance, [17, 2, 10, 8, 19, 7] ). The spectra in the corresponding setting on the half-plane are largely unknown; in the (unweighted) Dirichlet space of Π + the spectra are known but besides that only the spectra (and the essential spectra) for invertible or self-adjoint parabolic and invertible hyperbolic composition operators acting on the Hardy space H 2 (Π + ) have been computed (see [15] ). In contrast to the unit disc case, not all linear fractional transformations τ induce bounded composition operators on H 2 (Π + ) or A 2 α (Π + ). Indeed, C τ is bounded only when τ is a parabolic or a hyperbolic self-map of Π + fixing infinity. In this paper we compute the spectra and the essential spectra of these composition operators.
In the parabolic case (see Theorem 3.1 in Section 3) we obtain the following result:
Theorem A. Let τ be a parabolic self-map of Π + , that is, τ (w) = w + w 0 , where Im w 0 ≥ 0 and w 0 = 0. Then the spectrum of C τ acting on the Hardy or the weighted Bergman spaces of the upper half-plane equals {e iw0t : t ∈ [0, ∞)} = T, when w 0 ∈ R, {e iw0t : t ∈ [0, ∞)} ∪ {0}, when w 0 ∈ Π + .
Moreover, the essential spectrum coincides with the spectrum in both cases. Theorem B. Let τ be a hyperbolic self-map of Π + , that is, τ (w) = µw + w 0 , where µ ∈ (0, 1) ∪ (1, ∞) and Im w 0 ≥ 0. Then, for all α ≥ −1, the spectrum of C τ acting on
Moreover, the essential spectrum coincides with the spectrum in both cases.
From these results we are also able to deduce the spectra of the parabolic and the hyperbolic composition operators on weighted Dirichlet spaces D There are similarities as well as differences when we consider the composition operators C τ on the half-plane and C ϕ on the unit disc, where the inducing maps satisfy
It is worth noting that the composition map C h which gives a unitary equivalence in the (unweighted) Dirichlet space setting between C τ :
does not give even similarity in the Hardy or the weighted Bergman spaces since C h is not bounded below. Therefore, in general, we cannot deduce the spectra of C τ on the half-plane from the spectra of C ϕ on the unit disc. Nevertheless, in the parabolic case the spectra are the same. The hyperbolic composition operators, on the other hand, seem to have a life of their own when comparing the spectral results between D and Π + .
Preliminaries and notation
Throughout the paper we will use the following notations: C := C ∪ {∞} denotes the extended complex plane, Π + := {w ∈ C : Im w > 0} the upper half-plane, D := {z ∈ C : |z| < 1} the unit disc and T := {z ∈ C : |z| = 1} the unit circle.
The Hardy and weighted Bergman spaces of the upper half-plane. The Hardy space H 2 (Π + ) of the upper half-plane consists of the analytic functions F : Π + −→ C such that
The space H 2 (Π + ) is isometrically embedded into L 2 (R) via the mapping F −→ F * , where F * (x) = lim y−→0 + F (x + iy) (for more information on Hardy spaces of the half-plane, see [4, Chapter 11] , for instance).
For α > −1, the weighted Bergman space A 2 α (Π + ) of the upper half-plane consists of the functions F analytic on Π + satisfying
The Hardy space H 2 (Π + ) can often be formally interpreted as the "limit case" of the weighted Bergman spaces as
In the sequel, we will use this formal convention. The spaces A 2 α (Π + ), for α ≥ −1, are Hilbert spaces and we use the notation ·, · A 2 α (Π + ) for the inner product. Often we will find it useful to change the perspective from A 2 α (Π + ) to the corresponding space in the unit disc, namely to the classical Hardy space
or the weighted Bergman spaces defined for all α > −1 by (for z = u + iv)
We will write also here
Recall that the function h, where
is a conformal map from D onto Π + with the inverse h −1 (w) = w−i w+i . For any α ≥ −1 there is an isometric isomorphism (see e.g. [9, pp. 128-131] for the Hardy space and [3] for the weighted Bergman spaces)
The inverse of J is given by
Recall that the reproducing kernels of A
We will next compute the explicit form of K α w0 since we could not find a suitable reference for the general case. 
Proof. Recall first that for α ≥ −1, the reproducing kernels g 
where J is the isometric isomorphism in (2.2). On the other hand,
For any β ≥ 0, let us denote by L 2 β the space consisting of the measurable functions f : R + −→ C with finite norm
, when β > 0.
For future reference we will write explicitly the classical Paley-Wiener theorem ( [18] , see also [4, Thm. 11.9] 
Moreover,
where
(The definition can be generalized by replacing
In what follows we will consider the composition operator C τ acting on A 2 α (Π + ) for α ≥ −1, where τ is a linear fractional self-map of Π + such that τ (w) ≡ w. Recall that, in general, the linear fractional transformations (abbreviated by LFT) ψ are meromorphic bijections C −→ C and they can be written in the form
The non-identity LFTs have exactly two fixed points, i.e. points z ∈ C such that ψ(z) = z, counting multiplicities. According to their behaviour at the fixed points, the LFTs can be classified into parabolic, hyperbolic, elliptic or loxodromic maps. For more information on LFTs, see [21, Chapter 0], for instance.
A necessary and sufficient condition for the boundedness of C τ (for any analytic τ : 
4] for the weighted Bergman spaces).
That is, τ must fix ∞ and the non-tangential limit is
It is a standard exercise to show that the linear fractional self-maps of Π + that fix ∞ are precisely of the form (2.5) τ (w) = µw + w 0 , where µ > 0 and Im w 0 ≥ 0.
Depending on the value of µ in Equation (2.5), we have two different types of mappings that induce bounded composition operators on
1. τ is parabolic when µ = 1 (and necessarily w 0 = 0). For a parabolic mapping it always holds that the derivative at its only fixed point is 1, that is τ ′ (∞) = 1.
2. τ is hyperbolic when µ ∈ (0, 1) ∪ (1, ∞) and Im w 0 ≥ 0. In this case, by definition τ ′ (∞) = 1/µ. It holds that if p and q are, respectively, the attractive and repulsive fixed points of a hyperbolic mapping τ , then
.
Note that in both cases τ is an automorphism of Π + if and only if Im w 0 = 0.
The condition that τ must fix ∞ for C τ to be bounded on A 2 α (Π + ) for α ≥ −1 excludes the elliptic, loxodromic and certain hyperbolic mappings from inducing composition operators on the half-plane. The counterparts of these mappings in the unit disc setting induce diagonal (the elliptic case) or compact (the loxodromic and hyperbolic non-automorphisms having fixed points in D and
Spectra of linear operators. We recall some basic definitions and facts from general spectral theory that are used in the sequel. A suitable reference for the spectral theory of linear operators on Hilbert spaces is [16] , for instance. Let T be a bounded linear operator acting on a Hilbert space H. The spectrum of T : H −→ H is defined by
We will also use the notation σ(T ) for the spectrum if the space is obvious from the context. Recall that σ(T ) ⊂ C is always a non-empty compact set. The point spectrum, i.e. the set of eigenvalues of T , is denoted by σ p (T ). The approximative point spectrum of T is defined by
where ∂σ(T ) denotes the boundary of σ(T ). If the operators T :
there exists an invertible operator U : H 1 −→ H 2 such that T = U −1 V U , then their spectra, point spectra and approximative point spectra coincide. This is very useful for our purposes since if we can writeτ = g • τ • g −1 , where g is an automorphism of Π + fixing infinity (so that C g is bounded and invertible on A
This means that Cτ and C τ both acting on A 2 α (Π + ) for α ≥ −1 are similar and therefore σ(Cτ ) = σ(C τ ). Note that the operators C τ :
are not similar in general. This is due to the fact that the composition operator C g :
, where the multiplication operator M is in some cases simple enough to allow one to deduce the spectrum of C τ from that of C ϕ .
We are also able to determine the essential spectrum of C τ in all cases considered. The essential spectrum of T is the closed set defined by σ ess (T ; H) = {λ ∈ C : T − λ is not a Fredholm operator on H}.
Recall that, by Atkinson's theorem, the Fredholmness of T on H is equivalent to the invertibility of (T − λ) + K(H) in the Calkin algebra L(H)/K(H). Here and in the sequel L(H) denotes the set of bounded linear operators on H and K(H) the set of compact operators on H.
We will use the fact that the eigenvalues of infinite multiplicity are contained in the essential spectrum and that the essential spectra of similar operators coincide.
We denote by ρ(T ) the spectral radius of T , which is defined by ρ(T ) := max{|λ| : λ ∈ σ(T )} and satisfies the spectral radius formula
Concerning the bounded composition operators acting on A 2 α (Π + ) for α ≥ −1, the spectral radius is obtained from the angular derivative of the inducing map: The results by Elliott, Jury and Wynn (see [5, Thm. 3.4] and [6, Thm. 3.5] ) guarantee that whenever C τ is bounded on A 2 α (Π + ) for α ≥ −1, the spectral radius as well as the operator norm and the essential operator norm of C τ satisfy
Here, the essential operator norm is defined for T : H −→ H by T ess = inf{ T − K : K is a compact operator on H}. Moreover, replacing ρ(T ) by the essential spectral radius ρ ess (T ) := max{|λ| : λ ∈ σ ess (T )} and · by · ess in Equation (2.8) we have the essential spectral radius formula.
3. The spectrum of C τ when τ is a parabolic self-map of Π
+
In this section we consider the composition operator C τ :
Recall that the only fixed point of τ is ∞ and τ ′ (∞) = 1. Moreover, τ is an automorphism of Π + if and only if Im w 0 = 0 (w 0 = 0), in which case C τ is invertible.
Even though we cannot find a composition operator C g : 
Moreover, the essential spectrum of C τ coincides with its spectrum in both cases.
Proof. Denote
We will split the proof into two parts. In
Step 1 we will prove that σ C τ ; A 2 α (Π + ) ⊆ S for all α ≥ −1 and in Step 2 we show that each point in S belongs to the essential spectrum of C τ on A 2 α (Π + ) for all α ≥ −1.
Step 1. Note first that
and t > 0. Therefore, by the Paley-Wiener theorem (see p. 4), the Fourier transform gives us a similarity between the operators C τ :
, where
Since C τ is a multiplication operator on L 2 α+1 , we can easily find points λ ∈ C for which C τ − λ is invertible. Let λ ∈ C \ S. Since C \ S is an open set, dist (λ, S) =: δ > 0. For all t > 0, define a function k by k(t) = 1 e iw 0 t −λ . Since |k(t)| ≤ 1/δ, the multiplication operator M k , where
which means that M k is the inverse of C τ − λ and therefore λ ∈ C \ σ C τ . It follows that
Step 2. In order to show that S ⊆ σ ess C τ ; A 2 α (Π + ) for all α ≥ −1 we need the following fact (see [ 
As in
Step 1 we will use the similarity provided by the Paley-Wiener theorem. Now our aim is to find an orthogonal sequence of functions (g n ) in L 2 α+1 for any α ≥ −1 and λ ∈ S,
Fix t 0 ≥ 0 and w 0 ∈ Π + ∪ R. Let λ = e iw0t0 ∈ S and (ǫ n ) ⊂ R be any sequence satisfying ǫ n > ǫ n+1 and ǫ n −→ 0, as n −→ ∞ (for instance, set ǫ n = 1/n). Consider the orthogonal
for which it holds that ( C τ − λ)g n = (e iw0t − e iw0t0 )g n .
Now we have that
4. The spectrum of C τ when τ is a hyperbolic self-map of Π + We will first consider the case where τ is a hyperbolic automorphism of Π + , that is, τ is of the form τ (w) = µw + w 0 , where µ ∈ (0, 1) ∪ (1, ∞) and w 0 ∈ R. Any mapping of this form can be written as
whereτ (w) = µw and g(w) = w + w0 1−µ . Since g is an automorphism of Π + fixing ∞, it induces an invertible composition operator C g on A 2 α (Π + ) so that C τ and Cτ acting on A 2 α (Π + ), for α ≥ −1, are similar. Therefore, in order to compute the spectrum for C τ it is enough to compute the spectrum for the composition operator induced by the mapping w → µw, µ ∈ (0, 1) ∪ (1, ∞).
We will first compute the spectrum and the essential spectrum in the case µ ∈ (0, 1) (Theorem 4.1) and from this we will also get the case µ ∈ (1, ∞) (Corollary 4.2). The spectrum and the essential spectrum of the invertible hyperbolic composition operators in the Hardy space of the (right) halfplane C + have been computed by Matache in [15, Thm. 2.12]. Matache's proof for the spectrum is based on the similarity between C τ on H 2 (C + ) and a certain weighted composition operator on H 2 (D). The spectrum is then obtained from the results in [11, Thm. 4.8] . It it possible that this idea could also be used in the weighted Bergman spaces. Our approach is different and more direct revealing simultaneously also the essential spectrum on all of the spaces.
It is worth noting that the result in this case differs essentially from the unit disc setting, where, in the classical Hardy and the weighted Bergman spaces, the spectrum of an invertible hyperbolic composition operator is always an annulus centred at the origin (see [2, Thm. 7.4] ). In the half-plane setting we get that the spectrum is always a circle centred at the origin with radius depending on the space. Theorem 4.1. Let τ be a hyperbolic automorphism of Π + of the form τ (w) = µw, where µ ∈ (0, 1). Then the spectrum and the essential spectrum of C τ acting on
Proof. The fixed points of τ are 0 (attractive) and ∞. Moreover, by (2.6)
so that the spectral radius of C τ acting on A 2 α (Π + ) is µ −(α+2)/2 (see (2.9)). We will split the proof into two parts: in Step 1 we show that σ C τ ; A 2 α (Π + ) ⊆ λ ∈ C : |λ| = µ −(α+2)/2 =: Y α and in Step 2 we prove that each point in Y α belongs to the essential spectrum of C τ on A 2 α (Π + ).
Step 1. Let F ∈ A 2 α (Π + ), α > −1, and λ ∈ C. Now, by the change of variable w −→ µ −1 w, we get that (for w = x + iy)
, we get similarly that
for all α ≥ −1 and the spectrum of an isometric operator is contained in the unit circle, we are able to deduce that
Step 2. Here we use a similar technique as in Step 2 on p. 6. Since 
Fix λ α = µ −(α+2)/2 e it , where t ∈ R, and define (cf. [8, Thm. 3.2] in the Dirichlet space case)
By inspection,
Let a 0 = 1 and a n = e −n a n−1 = e −1−2−···−n for all n ≥ 1. Note that a n < a n−1 for all n ∈ N and that a n −→ 0, as n −→ ∞. Define a sequence (g n ) ⊂ L 2 α+1 by setting
Since the sequence (a n ) is decreasing, g n , g m L 2 α+1 = 0 for all n = m. Moreover,
On the other hand, by using (4.1), we get (for n big enough)
In ( * ) we have used the fact that a n < µa n−1 for all n > ln(1/µ) and so the function
By Equations (4.2) and (4.3) we have that
. Furthermore, by similarity, this yields
From the (essential) spectrum of C τ we will obtain the (essential) spectrum of the inverse of C τ by using general spectral theory.
Proof.
, where τ (w) = µw. The same is true also for the essential spectrum and so the result follows from Theorem 4.1.
Let us consider then the cases where τ is a hyperbolic self-map of Π + and τ (Π + ) Π + . Let µ ∈ (0, 1) so that µ −1 ∈ (1, ∞), and consider first the mapping τ (w) = w µ + w 0 , where Im w 0 > 0.
The attractive fixed point of τ is ∞ and the repulsive fixed point will necessarily have negative imaginary part (just solve τ (w) = w to see this). Moreover, we can write
1−µ > 0 and µRe w0 µ−1 ∈ R, g 1 is an automorphism of Π + fixing ∞ and, therefore, induces a bounded invertible composition operator C g1 on A 2 α (Π + ) for all α ≥ −1. It follows that C τ and C τ1 acting on A 2 α (Π + ) for α ≥ −1 are similar operators and in order to compute the spectrum for C τ it is enough to compute the spectrum for C τ1 . In the proof below, recall our convention A . Then, for all α ≥ −1, the spectrum and the essential spectrum are
Proof. The fixed points of τ 1 are −i and ∞ (the attractive one). By (2.9) and (2.6), for α ≥ −1,
We will show that each point in the open disc {λ ∈ C : |λ| < µ (α+2)/2 } is an eigenvalue of infinite multiplicity for C τ1 on A 2 α (Π + ) for α ≥ −1. Since the eigenvalues of infinite multiplicity belong to the essential spectrum, which is always a closed set, the claim will then follow.
We will take advantage of the known spectrum in the corresponding case of the unit disc. Namely, by Hurst [10, Theorem 8], we know that the spectrum of C ϕ1 , where ϕ 1 (z) = µz + 1 − µ, acting on A 2 α (D) for α ≥ −1, is the closed disc with radius ϕ
is an eigenvalue of infinite multiplicity for
By a simple computation, we see that
2)) we get that
On the other hand, observe that
That is,
Recall that, by [10, Theorem 8] , for any λ with |λ| < µ −(α+2)/2 there exists f λ ∈ A 2 α (D) (in fact, an ∞-dimensional subspace of them) such that C ϕ1 f λ = λf λ . But now, writing F λ = Jf λ , we have that
which is equivalent to
Since |λ| < µ −(α+2)/2 , we obtain that C τ1 has an eigenfunction for each point in the open disc of radius µ (α+2)/2 . Moreover, the eigenvalues are of infinite multiplicity since J preserves the linear independence of functions.
In fact, it is possible to compute the eigenfunctions in A 2 α (Π + ) explicitly from the corresponding functions in the unit disc setting: In the unit disc setting (see the proof of Theorem 8 in [10] ), for any p > −(α + 2)/2 and q ∈ R, the function
where log(·) is the principal branch of the natural logarithm, is an eigenvector for C ϕ1 corresponding to the eigenvalue λ = µ p+iq . Using the isometric isomorphism we get that
is an eigenvector for C τ1 acting on A 2 α (Π + ) corresponding to the eigenvalue µ α+2+p+iq .
Consider next the mapping τ (w) = µw+w 0 , where µ ∈ (0, 1) and Im w 0 > 0. Here, the repulsive fixed point of τ is ∞ and the attractive fixed point belongs to Π + . In this case, to compute the spectrum for C τ , it is enough to consider the mapping τ 2 : Π + −→ Π + of the form
having i as its attractive fixed point. This is due to the fact that we can write
−1 (Im w 0 )w + Re w 0 is an automorphism of Π + fixing ∞, so that C g2 is bounded and invertible on A 2 α (Π + ) for all α ≥ −1. From this it follows that
g2 . Therefore, for any α ≥ −1, we have that σ C τ2 ; A
and that the essential spectra of C τ2 and C τ on A 2 α (Π + ) coincide. The spectrum and the essential spectrum for C τ2 are determined in the following result.
Theorem 4.4. Let µ ∈ (0, 1) and τ 2 be a hyperbolic self-map of Π + of the form τ 2 (w) = µw + i(1 − µ). Then, for all α ≥ −1, the spectrum and the essential spectrum of
Proof. The mapping τ 2 has i (attractive) and ∞ as its fixed points. Again, by (2.9), we know that the spectral radius of C τ2 is τ
To prove the reverse containment (and that the essential spectrum coincides with the spectrum) it is enough to show that each point in the disc {λ ∈ C : |λ| < µ −(α+2)/2 } is an eigenvalue (of infinite multiplicity) for the adjoint C * τ2 . From this it follows that {λ ∈ C :
since λ ∈ σ(C τ2 ) if and only if λ ∈ σ(C * τ2 ). Since the eigenvalues of infinite multiplicity belong to the essential spectrum and an operator is a Fredholm operator if and only if its adjoint is (see [16, Thm. 16.4.] , for instance), we will also get that
Our proof relies on a useful observation, namely, that in this case, C * τ2 = µ −(α+2) C τ1 , where 
Here, τ 1 is as in Theorem 4.3. It follows that for all z ∈ Π
Remark 4.5. Note that in the hyperbolic automorphism case σ C τ ; A
From this we can deduce that there does not exist a composition operator C g that would give an isomorphism between the spaces A 2 α (Π + ) and A 2 α (D). The fact that in the non-automorphism case the operators C τ1 and C τ2 are (up to a multiplication by a scalar) adjoints of each other is a phenomenon that does not occur in the unit disc setting.
The spectrum of
From the spectral results for the parabolic and the hyperbolic composition operators in the Hardy space and the weighted Bergman spaces of the upper half-plane we will get the (essential) spectra in the weighted Dirichlet spaces of the upper half-plane in a straightforward manner.
We will use the definition given in [3, Section 6] for the weighted Dirichlet spaces on Π + : For all α > −1, the space D 2 α (Π + ) consists of the analytic functions F :
(5.1) This being the case, we put
Recall that in the classical Dirichlet space setting (α = 0) the spectra of all linear fractional composition operators C ϕ and C τ coincide whenever τ = g • ϕ • g Moreover, the essential spectrum coincides with the spectrum in both cases.
Proof. By Lemma 5.1, the operators C τ : D = λ ∈ C : |λ| ≤ µ −α/2 , when w 0 ∈ Π + .
Proof. Since the operators C τ : D 
